The symmetry, about the axis through the center of gravity and the fixed point (Lagrange top), leads to conservation of angular momentum with regard to the axis of symmetry. Moreover it commutes with all the previous invariants. Carrying out another reduction procedure given by this new invariant, one obtains a Hamiltonian system on a 2-dimensional manifold diffeomorphic to R 2 which linearizes on a cylinder S 1 x R, the S^part of the flow being given by Lagrange's classical solution in the form of an elliptic integral.
As will be discussed in section 2, the Euler-Poisson equations can for the Lagrange top be written as a single polynomial equation in an indeterminate h:
2 )^ (F + Mh +C/z 2 ) x (?2 +Xh)
for some multiple of the center of mass x-This equation ties up with a Kac-Moody extension of so (3) . The same Kostant-KirillovSouriau method of orbits, leads to the construction of a symplectic structure on a specific orbit; a theorem of Adier, Kostant and Symes yields Hamiltonians in involution with regard to this symplectic structure on the orbit; the Lagrange top flow in the form above appears among one of these Hamiltonian vector fields, although the symplectic structures are different. The complete integrability follows at once from these considerations. This somewhat roundabout approach has the virtue that the linearization can be carried out at once: the expression F + Mh + Ch 2 defines naturally an elliptic curve, whose Jacobian, i.e. the curve itself, linearizes the Lagrange flow. This will be explained in section 3.
The Euler-Poisson equations.
This section derives the Euler-Poisson equations of the rigid body motion about a fixed point under the influence of gravity as a reduction of the physical equations on the phase space SO (3) x so (3) . It is also shown that these equations are Hamiltonian on coadjoint orbits of a semi-direct product.
1.1.
Consider a rigid body that is moving about a fixed point, the origin of an orthonormal coordinate system (^i,^'^) °^ ^3? with £3 collinear to the vector gravitational acceleration. Normalize THE LAGRANGE RIGID BODY MOTION 213 units such that the gravitational force exerted on the body is one. Assume that the mass distribution of the body is given by a positive measure ^ on R 3 and let x = (Xi, \z, Xs) be its center of mass. Denote by f(t,x) the position at time t of a particle which at time zero was at x. "Rigidity" means that f(t,x)=A(t)x where A(r) is an orthogonal matrix. Assuming the motion to be smooth, A (0 )= Id yields A(r)ESO(3). Denoting S2(r) = A(0-1 A(t)Cso(3) (the left translate of the tangent vector A(r) to S0(3) at A(0), the kinetic energy is
where <S,^> = f $X .7?XdjLl(x), f,7?G50(3). R
The map
is a Lie algebra isomorphism with inverse $G.yo(3) *-> { E R 3 satisfying for x , y€ R 3 , the relations where Ad^^ is the adjoint action for AGSO(3) on ^so(3).
Since K is non-degenerate there exists a unique K-symmetric positive-definite isomorphism I of 5-0 (3) such that /<(!$, 17) =<{, 77). The potential energy V(r) is given by the height of the center of mass A(r)5< = (AdA(r)Xr above the (^ .^-plane, i.e. V(r) = ACOX'-SS =/<(AdA(f)X,£3). Thus the total energy E:
Bearing in mind that SO (3) x so (3) is identified with the tangent bundle T(SO(3)) via left translations which in turn is isomorphic to the cotangent bundle T*(SO(3)) by the left-invariant metric <•»•> on S0(3), the canonical one-form 0 has the expression 0(A,r?)(^,?)=<TAL^i(i;A)^>, 7?,?e^(3), A,BESO(3), A ET^(SO(3)), L^(B) = AB, and a? = -dO is the symplectic form on S0(3) x so (3). E defines thus a Hamiltonian vector field on S0(3) x so(3) whose trajectories describe the rigid body motion.
The physical interpretation of the above data is : a) (6^,6^,63) are the principal axes of inertia of the body; it represents an orthonormal frame fixed with regard to the body; b) Ii, I^, 13 are the principal moments of inertia of the body corresponding to e^, e^ , 63 respectively; c) ^c E R 3 is the center of mass of the body and it will be expressed from now on only in the body frame (e^, e^ , 63).
1.2.
To obtain from the above physical energy function the classical Euler-Poisson equations of motion, a reduction of the above Hamiltonian system by a momentum map will be performed; see AbrahamMarsden[l] , § 4.2, § 4.3,orMarsden [8] . (3) the canonical projection. Using the transitivity of the SO (3 faction on the 2-sphere in R 3 , it is straightforward that
Since ^~\^a^, .))/H is a submanifold of (SO(3)/H) x 5o(3), this proves that JH^ is a submanifold of so (3) x 50 (3).
Since
the formula for T^M) 01^ follows by differentiating the defming relations for OIZ^ . Defining p = V/^c5, it follows that p is uniquely characterized by V/*p=z*c<;. Let (F, M) = V/(A, ft) = (Ad^.i^ , I(ft)) and put t;==TLA(a), w = TI^^T^SOO)), a, j3E5o(3). An easy computation shows that
Thus using the above formula for a? we have : 
Since E o ^ [ 3-
l (K(ai^, .)) = F, the formula for F follows.
To check the formula for Xp it is enough to observe that XF is tangent to OTI^, and that
The last part of the theorem is an immediate consequence of theorems 4.3.3. and 4.5.5. in [1] . The formulas for the effective potential and its projection appear already in lacob [6] , though not in the context of reduction, o
1.3.
We shall prove below that the reduced manifolds OTta are among the generic adjoint orbits of the semi-direct product so(3)^ x so (3) where so (3) denotes the vector space underlying the Lie algebra so (3) .
If G is a Lie group with Lie algebra ^ , let @ denote the vector space underlying ^, regarded as abelian Lie group. The semidirect product G^d x ^ is the Lie group with underlying manifold G x §, composition law (^ , ^) (^ , ^) = (^ ^ , ^ + Ad^ ^), identity element (e, 0), and inverse (g, {)~1 = (g~l, -Ad _ ^). The Lie algebra of G^ x g is the Lie algebra semi-direct product Gad x ^ with bracket If ^ is semi-simple and /< denotes the Killing form up to a constant factor, define the bi-invariant, symmetric, non-degenerate two-form
Remark that K x /< is not bi-invariant. If 5grad denotes the gradient with respect to Ky, then 5grad= (grad^, grad^), where (grad^ , grad^) is the usual gradient with respect to K x K .
By the Kirillov-Kostant-Souriau theorem, the adjoint orbits of a semi-simple Lie algebra are symplectic manifolds; for G^ x t he orbit symplectic form is All these formulas follow easily from the general ones displayed in e.g. Ratiu[ll] , [12] . The symplectic structure of these orbits is
In particular, the manifolds 011^ are orbits of type a).
The proof is a straightforward verification using (1.!)-(!.4). with the invariants /<(M, F) = constant and K(T , F) = constant corresponding to the momentum along ^3 and the intensity of the gravitational field respectively. The fact that the Euler-Poisson equations are Hamiltonian on adjoint orbits of so (3)ad x so (3) has been independently observed by lacob and Stemberg [7] .
The Lagrange top and its complete integrability.
A Lagrange top is an axially symmetric rigid body with center of mass on the axis of symmetry, moving about a fixed point (the origin of R 3 ) under the influence of gravity. Hence Ji = J^ = X, J3 ==JLI, x = (0,0,Xj) in the body frame (e^.e^, 63).
2.1. A strictly three dimensional method of finding one additional conserved quantity for this problem (besides E and 3) is the following (lacob [6] ). Let K ^ S 1 be the isotropy subgroup at 63 of the adjoint action of S0 (3) 
, which together with (2.2) gives .3) i.e. the time t is an elliptic integral in the variable x and the Hamiltonian system (2.1) is thus linearized on the circle S 1 , the real part of the complex one-dimensional torus defined by the elliptic curve whence J2Xi=J3Xi, J3X2=JiX2, JiX3==J2X3-Since x=^0, assume e.g. \^ 0. Then J^ = J^ = X, \Xi = MXi, Xx2 = MX2 , where we denote J^ = JLI. If X =^ then Xi = X2 = 0, and C = (X + jn) x; we recover the Lagrange top. If X = /x, C = 2Xx and we get a symmetric top. But due to the transitivity of the S0(3)-action on the two-sphere in R 3 , there exists an orthogonal change of the body frame (e^, 63,63) to one in which X=(0,0,X3), Xa ^= 0; since J = XId , this change of frame does not affect the form of the equations (2.4) and we showed that a symmetric top is a special Lagrange top. In n dimensions this is no longer true (Ratiu [12] ). 
J IcX
For the proof see Ratiu [11] ; the last statement is known as the AdIer-Kostant-Symes involution theorem.
In the general considerations above take ^ = so ( 
which suggests choosing H as
which is clearly ad-invariant and satisfies the required condition, thus proving that (2.5) is a Hamiltonian system on the invariant In the generalization to n dimensions, the interplay between these two symplectic structures plays a crucial role in the proof of complete integrability and also gives rise to Lenard relations; see Ratiu [12] . , at P 0 (1) , at P -2iC^h 2 + OW, at Q.
G} +z =
Hence by (3.5) f^ has a simple pole at P and a simple zero at Q and /3 has a simple zero at P and a simple pole at Q.
On the affine part of X, (3.5) implies that f^ has a pole at the point v given by o;+z=0, P=0, i.e. A = -^/^,
